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Abstract 

The purpose of this paper is to present our study on the restoration of 
the Lorentz symmetry for a Lifshitz-type scalar theory in the infrared re- 
gion by using nonperturbative methods. We apply the Wegner- Houghton 
equation, which is one of the exact renormalization group equations, to 
the Lifshitz-type theory. Analyzing the equation foraz = 2,(i = 3 + l 
Lifshitz-type scalar model, and using some variable transformations, we 
found that broken symmetry terms vanish in the infrared region. This 
shows that the Lifshitz-type scalar model dynamically restores the Lorentz 
symmetry at low energy. Our result provides a definition of ultraviolet 
complete renormalizable scalar field theories. These theories can have 
nontrivial interaction terms of (j) n (n — 4,6,8, 10) even when the Lorentz 
symmetry is restored at low energy. 
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1 Introduction 



Recently, Lifshitz-type theory pQ has been the focus of much attention [2 . This 
theory has an anisotropic scaling for space and time at the Lifshitz fixed point. 
In this theory, we substitute the second-order space differential operator in the 
kinetic term in the action with the 2z order one as follows: 



It is found from this equation that the time dimension is z, while the space 
dimension is one. The advantage of the Lifshitz-type theory is that the higher 
derivative terms in the kinetic terms suppress the ultraviolet (UV) divergence. 
This feature broadens the class of perturbatively renormalizable field theories. 

As a compensation for these good UV properties, one has to sacrifice the 
Lorentz symmetry in the UV region. If the Lifshitz-type theory indeed explains 
physical phenomena at our energy scale properly, the theory should restore the 
symmetry in the infrared (IR) region. References [3j [4j H EH E] are related to 
the Lorentz symmetry in the Lifshitz-type theory in the IR region. It is well 
known that, from naive power counting, it is expected that the symmetry can be 
restored in the IR region. However, the restoration of the symmetry should also 
be examined nonperturbatively. The goal of this paper is to study whether the 
theory defined at the Lifshitz fixed point really flows into the Lorentz invariant 
theory at low energy by using the exact renormalization group equation. Such 
a problem is also discussed in a large N limit in Refs. [H[9]. 

The exact renormalization group equation as typified in Ref. [10 enables 
us to analyze theories nonperturbatively. For example, Ref. [11] discussed the 
Lifshitz-type theory using the Wilson-Polchinski exact renormalization group 
equation. In our work, we apply the Wegner- Houghton equation, which is one 
of the exact renormalization group equations, to the Lifshitz-type theory, and 
analyze the behavior of the theory space of the Lifshitz-type theory. It is found 
that this theory has a Lorentz symmetrical Gaussian IR fixed point, and we con- 
firm that the method in this paper indeed reproduces the previously mentioned 
naive power counting arguments at the leading order in the perturbation theory. 
Using numerical analysis, we find that symmetry-violating terms in the theory 
vanish in the IR region. In conclusion, the z = 2,d = 3 + l Lifshitz-type scalar 
model restores the Lorentz symmetry in the IR region. Our result provides a 
definition of ultraviolet complete renormalizable scalar field theories. Remark- 
ably, these theories can have nontrivial interaction terms of (j) n (n = 4,6,8,10) 
even when the Lorentz symmetry is restored at low energy. 

This paper is organized as follows. In section [2j we use a cutoff method 
to apply the Wegner-Houghton equation to the Lifshitz-type theory. In section 
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[3J we introduce our model and apply the equation derived in section [2] to this 
model, and in section [4] we analyze the equations numerically. Finally, we give a 
summary in section [5] Throughout the paper, we work on the Euclidean theory, 
and we give our notation in Appendix [A) 



2 Wegner-Houghton Equation for Lifshitz-Type 
Theory 

The Wegner-Houghton equation is an exact renormalization group equation [12] . 
We review the derivation of the equation in Appendix |B| following Refs. [T3t [14] . 
The equation for the effective action S is 
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where A is a cutoff, Q is a general field, i.e., ft = (j) in the case of a real scalar 
field, 7 is an anomalous dimension, and d^ is the dimension of the field. The 
definitions of 5t,p, and d' are given in Appendix [b] The first term on the RHS is 
the contribution from shell-mode integrals, and the second and third terms are 



from the scaling part. When we discuss the Lifshitz-type theory, d in Eq. (2.1) 
is rewritten as a sum of space dimension D and time z, that is, d — » D + z. 

To solve the equation in the Lifshitz-type theory, we need to know how to 
perform momentum integrals. Because the Lifshitz-type theory does not have 
Lorentz symmetry, it is difficult to understand how to integrate out the shell- 
mode momentum. There are various discussions on cutoff methods [9j[T5]. I n 
this work, we use a cylindrical cutoff as an alternative to a spherical one. (See 
Fig.0) 
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Fig. 1: Cutoff method. The left side of the figure is the usual cutoff. The 
momentum region is a ball inside a sphere in space and time with the radius 
VPo + Pi ~ A- It has a symmetry between space and time. The right side is a 
cylindrical cutoff; po is integrated out from — oo to oo. 
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3 Models and Analysis 



3.1 z = 2, d = 3 + 1 Lifshitz-Type Scalar Model 

In general, we need to truncate the action to solve the renormalization group 
equations concretely. Lifshitz-type scalar theories are classified clearly in Refs. [3j 
[16]. In this paper, we adopt an effective action that contains all interactions 
for which the dimensions of the coupling in units of mass are more than or 
equal to 0, that is, relevant or marginal operators by naive power counting as a 
truncation. We also impose a Z 2 symmetry. The action is 



+ f3odidi(t)d J d J + m 4 2 ) 
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where the dimensions for x, t, <fi, and the parameters in the action are 



[x] = -1, [t] = -2, [a ] = 2, [a 2 ] = 1, [a 4 ] = 0, [ft] = 0, [</>] = ^ 

[m 4 ] = 4, [A 4 ] = 3, [A 6 ] = 2, [A 8 ] = 1, [A 10 ] = 0. (3.2) 



In terms of the derivative expansion [XT] [18] [19] , the action in Eq. ( |3.1[ ) is the 
sum of three parts. The first line is the kinetic terms of the free scalar Lifshitz- 
type theory, and the second and third lines are the local potential approximation 
terms and first order of the derivative expansion terms, that is, 

S = 5'Lifshitz(free) + ^LPAlmt) + ^Diff(int) • (3-3) 

Note that the term di<j)di(j), which is needed for Lorentz symmetry, naturally 
appears in SDiff(int) • To restore the symmetry in the IR region, interaction 
terms that break the symmetry should vanish in the IR region. 

We obtain the Wegner- Houghton equation for the Lifshitz-type theory as 
one of the main results of this paper. The details of the calculations are given 
m Appendix [C] The We gner-Houghton equation in the present model reads 

2a< 
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As an example, let us discuss the renormalization group flow in the theory 



subspace, in which only m 4 and A 4 are nonzero. Equations (3.6) and (3.7) then 
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Fig. 2: Flow of ra 4 , A 4 in z = 2, d = 3 + 1. 



reduce to 

— — = 4ra 4 + ^- — tvtto 5 (3.13) 

^ = 3A4_ 16^(l+ 4 m 4)3/2' ( 3 ' 14 ) 

where we take /3o = 1 by rescaling the momentum. All other equations are 
satisfied trivially. There are two fixed points given as 

m 4 = 0, A 4 = 0, 

m 4 = -i A 4 = ^a/!^ 2 . (3.15) 
3 3 V 3 v 7 

The first is a Gaussian fixed point, and the second is a nontrivial fixed point 
as seen in Fig. [2] We would like to mention that this flow resembles the one 
in the ordinary scalar theory with the Lorentz symmetry in three space-time 
dimensions. 



3.2 Transformation of Variables 

Our main interest is the restoration of the Lorentz symmetry in the IR region. 
To discuss the renormalization group flow in the IR region, it is useful to change 
the variables as 

h = — , (3.16) 
a 
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and introduce new variables with hats [6j |H] 
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x 
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The action in the model ( |3.1| ) with new variables is 
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where 



m 2 = ftm 4 , A4 = ft 2 A 4 , A6 = ft 2 A6, \g = h'^ A§. A10 = ft 3 Aio, 

a 2 = ft^2,«4 = ft 2 «4, (3.21) 

where we also take /3q = 1. The dimensions in the unit of mass of new variables 
are as follows: 

[t\ = -1, [x] = -1, [4>] = 1, [m 2 ] = 2, [A 4 ] = 0, [A 6 ] = -2, 

[A 8 ] = -4, [A10] = -6, [h] = -2, [a 2 ] = -2, [a 4 ] = -4. (3.22) 

They are identical to the canonical dimension in the Lorentz theory in four 
space-time dimensions. 



The renormalization group equations (3.4)-(3.12) in terms of the new vari- 
ables (with hats) are given as 
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If we set h = 0,&2 = 0, and a<± = 0, these renormalization group equations 
exactly coincide with the equations in the case of the local potential approxi- 
mation in the ordinary theory, which has Lorentz symmetry, as expected. As 
an example, we give the renormalization group flow in the theory subspace, in 
which only rh 2 and A4 are nonzero. (See Fig. [3]) 
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Fig. 3: Flow of m 2 , A 4 in d = 3 + 1. 



These renormalization group equations have a Gaussian fixed point at 

to 2 = 0, A 4 = 0, A 6 = 0, A 8 = 0, Aio = 0, h = 0, a 2 = 0, a 4 = 0. (3.31) 
In the neighborhood of the fixed point, the renormalization group equations 



( 3.23 )-( 3.30) can be approximated as 
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at the linear order in the perturbation theory. From Eq. (3.32), it turns out 



that the fixed point (3.31) is the IR one. These equations (3.32 )-( 3.39) tell us 
that when we increase the energy scale, m 2 and A4 become dominant compared 
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with /i, a.2, and d 4 , which are the coupling constants of terms breaking the 
Lorentz symmetry. This implies the restoration of the Lorentz symmetry in 
the neighborhood of the Gaussian fixed point in the IR region. They coincide 
with the expectation by power counting. However, the purpose of this paper 
is to study the restoration of the Lorentz symmetry nonperturbatively. Thus, 
we should solve Eqs. ( 3.4 )-( 3.12) without linear approximations. In the next 
section, we perform these calculations by numerical analysis. 



4 Numerical Analysis 

The terms in the third line in Eq. ( |3.2Q| ) violate the Lorentz symmetry. If they 
vanish in the IR region, we can say that the Lorentz symmetry is restored in the 



IR region. In the following, solving the Wegner-Houghton equations (3.4)-(3.12) 
with some initial conditions by numerical analysis, we study the renormalization 
group flow of the Lifshitz-type theory to see if this is the case. 

We should choose the initial conditions carefully. To obtain flows of proper 
physical theories, we looked for initial conditions that satisfy two requirements. 
First, the coupling constants that violate the Lorentz symmetry should become 
negligible at low energy. Second, all the coupling constants should approach the 
Lifshitz fixed point at high energy to obtain UV complete theories. The key 
problem here is whether such initial conditions exist. Actually, we found flows 
with typical initial conditions that satisfy the two requirements. In this paper, 
as examples, we give results for two initial conditions (case 1 and 2) defined as 
follows: 

Case 1: The initial conditions are 

m 4 = 1.00 x 10" 4 , A 4 = 8.50 x 10" 2 , A 6 = 5.00 x HT 1 , A 8 = 5.00 x 10"\ 
A10 = 0,a = 7.50 x 10"\a 2 = 3.50 x 10~\a 4 = 0. 

In terms of hatted coupling constants, they are 



rn 



2 



1.33 x 10~ 4 , A 4 = 1.31 x HT\ A fi = 8.89 x HT 1 , A* = 1.03, 



A10 = 0,h = 1.33, a 2 = 5.39 x 10~\ d 4 = 0, 

which are written to three significant figures. 
Case 2: The initial conditions are 

m 4 = 1.00 x 10~ 4 , A 4 = 6.70 x HT 1 , A 6 = 7.80 x HT 1 , A 8 = 7.30 x 10"\ 
A10 = 1.70 x 10"\a = LOO, a 2 = 4.40 x 10"\a 4 = 1.00 x 10" 2 . 

In terms of hatted coupling constants, they are 

m 2 = 1.00 x 10~ 4 ,A 4 = 6.70 x HT 1 , A 6 = 7.80 x HT 1 , A 8 = 7.30 x HT 1 , 
A10 = 1.70 x 10"\ h = 1.00, a 2 = 4.40 x 10"\ d 4 = 1.00 x 10" 2 . 
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Fig. 4: Renormalization group flow of hatted coupling constants against de- 
creasing energy scale t under the initial condition in case 1. The continuous 
lines show the flows of the coupling constants ft,d^ an d ^4, which violate the 
Lorentz symmetry. The dashed lines show the ones of m 2 , A4, A6, Ag, and Aiq. 




Fig. 5: Renormalization group flow of hatted coupling constants against de- 
creasing energy scale t under the initial condition in case 2. 

Figures |4] and [5] show the renormalization group flows of the coupling constants 
with hatted variables for cases 1 and 2, respectively. The results show that 
ft, c^2, and &4 rapidly become negligible with decreasing energy scale (t > 0); 



therefore, the third line terms of Eq. (3.20) turn out to be highly suppressed. 



This implies that the Lorentz symmetry is restored in the IR region. 

On the other hand, Figs. [6] and [7] show the renormalization group flows of 
the unhatted coupling constants with increasing energy scale (t < 0) for cases 
1 and 2. The results show that all the coupling constants approach the Lifshitz 
fixed point with increasing energy. Therefore, we obtain the UV complete renor- 
malizable theories, which have the Lorentz symmetry in the IR region, under 
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-t 



Fig. 6: Renormalization group flow of unhatted coupling constants against in- 
creasing energy scale —t under the initial condition in case 1. The continuous 
lines show the flows of the coupling constants ^0,^2, and a±. The dashed lines 
show the ones of m 4 , A4, A6, Ag, and Aiq. 
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Fig. 7: Renormalization group flow of unhatted coupling constants against in- 
creasing energy scale —t under the initial condition in case 2. 

proper initial conditions. 

Furthermore, case 2 is very interesting. Remarkably, the theory in case 2 has 
nonzero coupling constants of the interaction term, A4, A6, Ag, A10, even when 
the Lorentz symmetry is restored at low energy. For example, at the energy 
scale t = 3.5 in Fig. [5j the coupling constants are 

m 2 = 6.85 x 10"\ A 4 = 6.55 x HT 1 , A 6 = 1.46 x 10" 2 , A 8 = -3.06 x 10" 2 , 
A10 = 2.46 x HT 1 , h = 6.72 x HT 3 , a 2 = 3.01 x HT 3 , a A = 2.45 x 10~ 4 , 

which are written to three significant figures. 

Finally, we would like to mention a possibility for other initial conditions. 
Certainly, it is possible that there are other interesting initial conditions, and 
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to classify the regions of the flows generally is an interesting future work. The 
most important thing, however, is that there exists at least one such flow. 



5 Summary and Discussion 

In the Lifshitz-type theory, higher derivative terms in the kinetic terms suppress 
the UV divergence. However, there is a problem of broken Lorentz symmetry; 
therefore, we should examine whether the theory restores the Lorentz symmetry 
in the IR region. In this paper, we applied the Wegner-Houghton equation with 
the momentum cutoff in cylindrical shape and analyzed the z = 2,d = 3 + l 
Lifshitz-type scalar model numerically. We find that the terms that break the 
Lorentz symmetry vanish at low energy. Remarkably, the Lifshitz-type theory 
has nontrivial interaction terms X n (j) n (n = 4,6,8,10) even when the Lorentz 
symmetry is restored at low energy. We find a concrete solution to the long- 
standing problem of triviality of (j) A theory in d = 3 + 1. In summary, z = 
2,d = 3 + 1 Lifshitz-type scalar theory, at least for the model in this paper, 
restores the Lorentz symmetry in the IR region, and we obtain a UV complete 
renormalizable theory under proper initial conditions. 

It would also be interesting to analyze multiple fields including fermions. 
They are also soluble by this method in principle, although some improvements 
may be needed in this analysis. The truncation method remains as a matter 
to be discussed further. Given some symmetries, we may improve this analytic 
method. There is also room for discussion on the cutoff method. Nonetheless, 
our method is attractive in the sense that we can judge one of the consistencies 
of the Lifshitz-type theories. Further studies using this method will be needed. 
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In this paper, we use the following notation. The definitions of integral symbols 



A Notation 



are 
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(A.2) 
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The definitions of S functions and its symbols are 

f S(x)g(x) = 5 (0), (A.3) 

J X 

1 6(p)f(p) = /(0), (A.4) 

Jp 

5(x) = [ e-***, (A.5) 
Jp 

5(p) = (2n) d S(p) = f e ipx . (A.6) 

J X 

The definitions of Fourier transformation of fields are 

4>{x) = f e^4>(p), (A.7) 

Jp 

HP) = I e-^Hx). (A.8) 

J X 

The definition of trace symbol is 

tr= / / 5(k-k'). (A.9) 

B Derivation of Wegner-Houghton Equation 

This is a review of [T3l [14] . The general Wilsonian effective action is given as 

S[Q;A] = [ •••/ S (D) (Pi + ---+Pn)9H,...,i n (Pu--- ,Pn,A) 

xn il (p 1 ;A)---n in (p n ;A), (B.l) 

where 

Q( Pi ;A) = Q( Pi )0(A- Pi ). (B.2) 

Q(Pi) denotes general fields, for example, in the case of scalar fields Q(pi) = 
(j)(pi). We introduce the shell- mode wave functions fi s (pi), which are nonzero 
only for A(St) = Ae~ 5t < pi < A, and Qm(pi]A(5i)), which are nonzero only 
for pi < A(5t), where A(t) = Ae _t , 5 A = ASt. We then write 

n( Pi ;A) = SliRfaiAiSfy + Slsfa). (B.3) 

The partition function Z is given as 

Z = J[dn]exp{-S[n-A]}. (B.4) 

Using Eq. (B.3), we split [dft] into [dQj^] and [d£l 3 ] in the partition function Z 
to obtain 

z = J [dn IR ] J [dn s ] exp{-s[n IR + n s ; a}}. (b.5) 
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On the other hand, a partition function that is defined by the cutoff A(St) is 
given as 



z = J[dn ir] exp{— S[Qir; A(5t)}}, 



(B.6) 



which gives the same value as (B.5). Therefore, we obtain the renormalization 
group equation 

exp{-5[fi /ii ; A(St)}} = J [dn s ] exp{-S[n IR + Q s ; A]}. (B.7) 



On the LHS of Eq. ( |B.7| ), expanding S[Qir + Q s ; A] by Q s and integrating out 
Q s through the first order of 5 A, we obtain the equation 

On the other hand, a general action at the scale A(5t) or A is 

1 r A(St) r A(8t) a 

S[fi /fl ;A(<ft)] = •••/ (S w (pi + ---+Pn)^n(p;A((St)) 

(B.9) 

S rPn)gn{p; A) 

(B.10) 

where p = {pi,P2, •••,Pn}- The difference in effective actions is given by 



xQ h ( Pl ;A(St)) ---n in (p n ; A(tffc)), 
,A(5t) ,A(5t) 

S[Q Ji? ;A] = / ••• / iW(p 1 + 



S[n /fl ;A(<ft)]-S[fi JB ;A] 

= E^/ ■■■/ ^ 



■ p n )[g n (p; A(St)) -g n (p; A)] 



xfi il ( P i;A(tft))---fi iB (p n ;A05t)) 



A(5t) 



A(5t) 



<5 (d) (pi 



■Pn) -(«)A 



dg n (p;A) 



dA 



(B.11) 



As mentioned above, we can write the difference in terms of the coupling con- 
stant differentiated with respect to A. We define p = Ap. When this coupling 
depends on the momentum explicitly, it is written as 



8g{ Ap; A) 



dg(p;A).. , ^dg(Ap;A) 



dA 



dpi 



dpi 



dg( P ;A) 
OA 



A5t + J2 



dg(Ap;A) 
dpi 



Pi&t. 



Therefore, we obtain 



A— g(p; A) = A—g(p;A) - ^fc—gfaA). 



dA 



dpi 



(B.12) 



(B.13) 
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The dimensions of fields become dn — 7 as a consequence of the quantum effect. 
Using a dimensionless coupling g, we write g(A) = A^g(A), where [g}(= d — 
J2fi i (dn i — 7)) is the dimensions of g; then 

A^ 5 (A) = Al9]A^g { A ) + [g]g{A) -f2p~g(A) 

i—1 

= A— 5(A) + [d- J2(d^ ~ 7)}ff(A) - 5 (A).(B.14) 



Substituting (B.14) in (B.ll), and writing them in terms of the action S, we 
obtain 



S[Q IR ;A(6t)]-S[n IR ;A] 

■A-rrS - 
dA 



5t{- 



dS- 



■y + p' J 



& 



Y 



-S). (B.15) 



of the third 



<9^ / sn p 

The term A^S denotes £ n £ / pi • • • ^)(p 1+ . • -+Pn)A^ l5 . 
where ^ is a dimensionless field. The operator f p Q p (dn — 7)^ 
term on the RHS counts the degrees of powers of the fields multiplied by (cfo — 7) 
for each term. The operator J p Q p p^ of the third term on the RHS counts 

the number of derivative operators for each term. The prime mark of d' denotes 
that the operator does not operate on momentum arguments of delta functions 



or step functions but only on the coupling constants. Comparing Eq. (B.8) with 



Eq. (B.15), we finally obtain the Wegner-Houghton equation (2.1) 



C Main Calculations 



We perform integration by parts and Fourier transformation in the action (3.1) 
to obtain 



9 



V240 



qi •••qe 

8! 

qi---q 8 



f—a 4 ql :i + ^7)^1 * ' * ^qeHvi H + % ) 



4qi ---^qsHQl H ^48) 



T^T^i • • • <rVo%l + • • • + 9lo). (CI) 
qi—qio U * 

Using this action, we calculate the first term on the RHS of the Wegner- 
Houghton equation (2.1) 

M» tk = (k'\M\k) = f S 
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(Ag + a kf + fokitf + m 4 )5{k - k') 



j ^{«2(«3,i + + ^-)+^}^3^4^(A ~k' + q 3 + g 4 ) 

^{o^®,,* 2 + ^- + ^-)+A 6 }0 93 • • • - fc' + © + ••• + % ) 



' Q3---q6 

^7^3 • • • <t>q 8 d( k ~k f + q3 + '- + qs) 

/q 3 -..q 8 O- 

• • • 9lo <5(fc - k' + q 3 + ■ ■ ■ + gio). (C.2) 

/ <?3---<?10 

M is split into the kinetic terms Aq, which involve the mass term, and the 
interaction terms B, 



M = A + B. 



Then, we obtain 

tr ln(M) 



trln(A + 5) 



= trln(A )+trV ( ^"" (A^B) 



n+1 



-1 mn 



n=l 



trln(Ao) +tr(A- 1 5) - -tr^- 1 ^) 2 



O-sO 



For example, the second and third terms in \CA\ are 
tr^B) = /f 1 



fe U 2 + Qfo^i + M 2 /; 2 + m 4 • 



J Q?.QA Z * 



i + /c; 2 ) + A 4 }0 (?3 (?4 (5((73 + 94) 



93 •••96 



4! 



/ 1 

/ 6 1 



<?3 V^gg 



1 

8!' 



Aio^s •••0<?io^( < ?3 H hgio) 



(C.3) 



(C.4) 



{a 4 (2<2 2 , + /ci 2 ) + A 6 }</> g3 • • • q6 S(q3 H h <7e) 



(C.5) 



tr(A -^) 2 

= / ( I \ 

Azd) 1 &o + a /c; 2 + /3 fc?fc? + m 4 J 



/* 1 r / A-- 2 /^^ 2 \ ^ 

/ i y{«4(2 ( / 3 2 )i + ^- + ^-^)+A 6 }0 g 3...^ 6( 5(A : -^( 1 )+ (Z 3 + 



<2e) 
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■/ 

■J 



6' 



^A 8 ^ 3 • • • q8 S(k - + qs + • • • + qs) 
^Aio0 g3 • • • </> qi0 S(k - + q 3 + • • • + qio) 



J q' 3 q' 4 

+ f i{a 4 (2q% + ^- + thl^j +A 6 }^ • • • <^(Z« - k + q' 3 + • • • + q' e ) 
+ / ^l As ^3 • ' • KHl (1) -k + q' 3 + ---+q' 8 ) 

Jq' 3 -q' a °- 

+ / ^A 10 ^j • • • ^; <*(i (1) - fc + + • • • + q[o)} (C.6) 

and so on. In order to calculate Eq. (C.4) systematically through the order that 
we need in the model, we define G as an integrand of elements of the kinetic 
term Aq 1 and V as an integrand of elements of interaction terms B. We also 
define G n and V n as terms that have n power of external momentum in G and 
V. We call n the "derivative number" in this paper. Now, we need only terms 
n < 2; we write 

G = G + Gi+G 2 , (C.7) 
V = Vo + V! + V 2 , (C.8) 



where 



G ° = k 2 + a kf + pok 2 k] + m^ (C ' 10) 

G 1 = -G 2 (a + 2l3 k])2k iri , (C.ll) 

G 2 = -Go 2 (a + 2/3 A : | + ^fc|)r l 2 + G3(ao + 2/3o%) 2 ^,(C.12) 

and 

V 



^(a 2 kf + A 4 )0 2 + \{^k\ + A 6 )0 4 + ^A 8 6 + ^Aio^ 8 ,(C13) 
= (^a 2 4> 2 + ^a i ^){k i r l + k J r' j ), (C.14) 



V 2 = 



+ "-^y + la^ql + "-^y, (C.15) 

where r and r' are particular sums of external momenta ^'s, which are obtained 
after integrating out all the internal momenta except k. Omitting the part about 
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Table L: Classification of the integrand, k is the order of the polynomial ex- 
pansion of trln(l + Aq 1 B), and n is the derivative number. 



k = l,n = 2 = 2,n = 


= 2 


fc = 3, n = 


2 k = 4,n = 2 


k = 5,n = 2 


G V 2 • • • (1) Go^GoVb • 


••(2) 


Go V2 Go Vo Go Vo 


• • • (8) nothing 


nothing 


Go VoGq V2 ■ 


••(3) 


Go Vo Go V2 Go Vb 


• • • (9) 




GoVxGqVx ■ 


••(4) 


Go V0G0V0G0V2 


•••(10) 




GoVrG^o- 


••(5) 


GoViGoViGoVo 


•••(11) 








Uro vi^o VO^O 






G0V0G2V0 ■ 


••(7) 


G yoGoViG yi 


■•■(13) 








G0T4G0F0G1T/0 


■•■(14) 








Go^iGiVbGoVb 


•••(15) 








GoVbG FiGiVb 


•••(16) 








GoVbGiViGoVb 


•••(17) 








GoFoGo^oGiFi 


•••(18) 








GoFoGiy GoFi 


•••(19) 








GoFoGiFoGiyo 


•••(20) 








G0V0G0V0G2V0 


•••(21) 








G0V0G2V0G0V0 


•••(22) 




k = 1, n = k = 2.n ~- 


= 


fc = 3, n = 


k = 4, n = k 


= 5,n = 


G V --.(23) (G Vo) 2 -- 


(24) 


(Go^o) 3 • • • (25) 


(G V ) 4 ■ ■ • (26) (G Vb) 5 • • • (27) 


the delta function, we write each term of Eq. (C.4 


) symbolically as 




tr(VB) / Go(V 

Jk 


+ V 1 4 


-v 2 ), 




(C.16) 


tr(A^B) 2 / G (V 

Jk 


+ Vi 4 


- V 2 )(G + G x + G 2 )(V + V 1 + V 2 ), 


(C.17) 


tr(A^B) 3 / G (K, 

Jk 


+ Vi 4 


-V 2 ){(G 4-Gi + 


G 2 )(V + V 1 + V 2 )} 2 , 


(C.18) 


tv(A^B) 4 /go(V 


4-14 4 


-V 2 ){(Go4-G! + 


G 2 )(H4-^i4-V 2 )} 3 , 


(C.19) 


tr^o 1 ^) 5 /"g (Vo 


4- Vi 4 


-^ 2 ){(Go4-G! + 


G^iVo + V^V^} 4 , 


(C.20) 



where we choose integration variables as Go in front of the integrand. We list 
the integrand as follows in Table [L] 

We give the results of the integration for (1) - (27) in Appendix [P| In this 
paper, we integrate out in a timelike direction from —00 to 00, and spacelike 
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directions within shell- mode momentum 1 — St <| hi |< 1. That is, we consider 
only the spatial flow of the theory. 



Go 



dk f d 4 - 1 ^ 1 

d^h 1 



St 



2 Ad - 1 (a +^ +m 4 ) 1 /2 



(C.21) 



where Ad-i is a superficial area of a unit sphere in d— 1 space-time dimensions 
divided by (27r) d ~ 1 . In general, the result is the same even if the numerator of 
the integrand has any 2n power of spatial momentum. We obtain the formula 
given as 



Ik 

L 
L 
L 



G kf n = 



Glkf 



G%k\ n 



G%kr 



G 5 kf n 



1 St 

2 ^(ao+^+m 4 ) 1 ^' 

1 St 

4 d ~ 1 (ao+ A)+m 4 )3/ 2 ' 

3 <5t 

16 ^K + Aj + m 4 ) 5 / 2 ' 

5 <5i 

32 ^(ao + ft + m 4 ) 7 ^' 

35 <ft 

256 ^'(ao + ZJo + m 4 ) 9 / 2 ' 



(C.22) 
(C.23) 
(C.24) 
(C.25) 
(C.26) 



The second term on the RHS of the Wegner-Houghton equation (2.1 ) is in 



the case that the external momentum is smaller than the shell-mode momentum. 



The second and third lines of the Wegner-Houghton equation (2.1) are 
-(D + z)S 

5 

-(-4>d d 4> - a <pdidi4> + Mdididjdjfi + m 4 2 ) 



+5 



5 A 
4! 4 



a 2 (f> didifi + 5 



| A6 



1 

240 



a 4 (p 5 didi< 



'10 



(C.27) 



and 



(-<Pd d <p - a (f>didi<p + Mdididjdjcp 



+mV + ^A 4 </> 4 + ^A 6 6 + i 
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1 o 1 * 

--OL 2 <t> didi(j>- —oL A (tr didi(j) 



+ / (-2</>dodo(l>-ao<l>didi<l> + 2<l>Podididjdj<l>) 

J X 

+ Jj K -\a 2 <p Z d l d^) + Jjy-^a^did^). (C.28) 
It is found from the derivative term with respect to time that there is an 



anomalous dimension 7 = 0. Finally, we obtain Eqs. (3.4)-(3.12) 



D The Results of (l)-(27) 

Here, we present integral relations for Eqs. (l)-(27). 



J X 



(2) - / <P- 



(3) - / ^ 

J X 
J X 

(4) - / 

J X 
J X 

(5) - [ <t> 3 didi<t> 

J X 
J X 

(6) - [ <t> 3 didi<t> 

J X 

- [ <t> 5 didi<t> 

J X 

(7) - [ (fdidrf 

J X 







Go 



«2 

2T 

«4 



Go^ a 2(a2^ 2 + A 4 ). 

^2 / 23 ,2 14 X 

fc G H2io«2a4* i + 2 i5 «4A 4 

/ 23 



-a 2 {a 2 k 2 i + A 4 ). 

14 



240 



9 
240 



a 2 A 6 ). 



J 3L> 



OL 2 OL±. 



/eg 

/ G oTT^ k i( a o + 2f3oki)(2a 2 a 4 tf + a 4 A 4 + a 2 A 6 ). 



3L> 



kfa 2 (a 2 kf + A 4 )(a + 2/3 /cf). 



3D 
-1 



k*a 2 (a 2 tf + A 4 )(a + 2/3 /c 2 2 ). 



/eg 

^oTTFi^i ( Q o + 2p kf)(2a 2 a A kf + a 4 A 4 + a 2 A 6 ). 
^ Gg^(a 2 A? + A 4 ) 2 (a + 2/? fc 2 + 4^) 



2\2 



Jj 5 did t <P <* ^G3 T i(a 2 fc l 2 + A 4 )(a4fc 2 + A 6 )(a + 2/? fc2+4^) 
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+ J Gt^kf(a + 2(3 k 2 ) 2 (a 2 k 2 + \ 4 )(a 4 k 2 + A 6 ). 

( 9 ) _ JjPdidi* o ^Gl^a 2 (a 2 k 2 + \ 4 ) 2 . 

(10) - JjPdidifi <* jGl^a 2 (a 2 k 2 + \ 4 ) 2 . 

(11) - JjPdidrf o jGl^k 2 a 2 {a 2 k 2 + \ 4 ). 

(12) - JjPdidrf jGl^k 2 a 2 {a 2 k 2 + \ 4 ). 

(13) - Jjfididrt o jGl^k 2 a 2 {a 2 k 2 + \ 4 ). 

(14) - JjPdidit o J k G^k 2 a 2 (a 2 k 2 + X 4 ) 2 (a + 2/3 k 2 ). 

(15) -jJVw J k G^k 2 a 2 (a 2 k 2 + \ 4 ) 2 (a + 2/3 k 2 ). 

(16) - J J>%di<l> o J k G^k 2 a 2 (a 2 k 2 + \ 4 ) 2 (a + 2p k 2 ). 

(17) - jf o jf G^k 2 a 2 (a 2 k 2 + A 4 ) 2 (a + 2/3 ^ 2 ). 

(18) - f 4> 5 didi4> o [ G^k 2 a 2 (a 2 k 2 + \ 4 ) 2 (a + 2l3 k 2 ). 

Jx Jk ^ D 

(19) - jf 4> 5 cW o jf G^k 2 a 2 (a 2 k 2 + A 4 ) 2 (a + 2/3 ^ 2 ). 

(20) - jf 4> 5 cW o jf G^fc?(a 2 *i + A 4 ) 3 (a + 2/3 fc 2 ) 2 . 

(21) - JjPdidrt o ^G^(a 2 fc 2 + A 4 ) 3 (ao + 2/?ofc 2 +4/? ^) 

+ / G^ fc ?(«2fc 2 + A 4 ) 3 (a + 2/3 A : 2 ) 2 . 

(22) - JjPdidrf o ^G^(a 2 fc 2 + A 4 ) 3 (a + 2/?ofc 2 +4/? ^) 

+ j^Gt^k 2 (a 2 k 2 + A 4 ) 3 (a + 2/? fc 2 ) 2 . 

(23) j|V o jG^(a 2 k 2 +\ 4 ). 
j|V J k G ^(a 4 k 2 +\ 6 ). 

If " 
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(24) 



(25) 



(26) 



(27) 



b 

I: 
I: 

b 

L 



,10 



+ A 4 ) 2 . 



Go^| ("2^ + A 4 )(a 4 fc 4 2 + A 6 ). 



/ ^{^-^yC^^ 2 + A 6 )A 8 + ^(a 2 fc- + A 4 )A 10 }. 



Ik 4x4! 

3 



(a 2 /c 2 + A 4 ) 2 (a 4 /c 2 + A 6 ). 
(a 2 /c 2 + A 4 )(a 4 /c 2 + A 6 ) 2 



i Gg {'2x4P 
jGt±(a 2 k* + A 4 ) 4 . 

^G^(a 2 £ 2 + A 4 ) 5 . 



4x6! 



(<^2^ 2 
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